Abstract. The wild part of Abhyankar's Inertia Conjecture for a product of certain Alternating groups is shown for any algebraically closed field of odd characteristic. For d a multiple of the characteristic of the base field, a newétale A d -cover of the affine line is obtained using an explicit equation and it is shown that it has the minimal possible upper jump.
Introduction
Let k be an algebraically closed field of characteristic p > 0 and let G be a finite group. The quasi p-subgroup p(G) is the subgroup generated by all the Sylow p-subgroups of G. Let φ : Y → P 1 k be a connected G-Galois cover of the projective line branched only at ∞. Then the induced G/p(G)-Galois cover is a prime-to-p Galois cover of P 1 branched only at ∞ and hence it is trivial. So G = p (G) . Such a group is called a quasi p-group. Abhyankar's 1957 conjecture ( [1] ) on the affine k-curves implies that a finite group G occurs as the Galois group of a cover of the projective line branched only at ∞ if and only if G is a quasi p-group. This conjecture for the affine line was proved by Serre (G solvable, [20] ) and Raynaud ([17] ).
Abhyankar in his 2001 paper ([3, Section 16]) conjectured a more refined statement on the Galoisétale covers of the affine line which is known as the inertia conjecture. Let G be a quasi p-group and φ : Y → P 1 be a G-Galois cover of the projective line branched only at infinity. Then for any point y of Y in the fibre φ −1 (∞), the inertia group I at y is an extension of a cyclic prime-to-p group by a p-group P ([19, Chapter IV, Corollary 4]). Let J be the subgroup of G generated by all the conjugates of P in G. Then J is a normal subgroup of G and Y → P 1 induces a G/J-Galois cover of P 1 which is at most tamely ramified at ∞. Since the tame fundamental group of A 1 is trivial, G = J. Abhyankar's inertia conjecture says that the converse also holds.
The inertia conjecture can be compartmentalized into two parts (cf. [8, Conjecture 4.2] ).
is known for Sylow p-subgroups of any quasi p-group. In [13] it was shown that under certain conditions on the ramification filtration of the inertia group, its wild part can be made a little smaller. The conjecture in general is wide open though some results supporting the conjecture have been obtained (see [4] , [15] , [14] , [12] and [8] for more details).
For a quasi p-group G and a subgroup I, we say that the pair (G, I) is realizable if there exists a G-Galois cover Y → P 1é tale away from ∞ such that the inertia group at a point in Y above ∞ is I. In this paper we first show that (A d , P) is realizable where A d is an Alternating group and P is a p-subgroup containing a p-cycle (Corollary 4.7). Let G 1 and G 2 be perfect quasi p-groups, I 1 be a p-cyclic subgroup of G 1 and I 2 a cyclic p-subgroup of G 2 . We show that if (G 1 , I 1 ) and (G 2 , I 2 ) are realizable then (G 1 × G 2 , I) is realizable for some cyclic p-subgroup I of G 1 × G 2 such that its image in G 1 and G 2 are I 1 and I 2 respectively (Theorem 5.2). As a consequence we obtain the following result. In fact we show that if (A rp , τ ) and (A rp+1 , τ ) are realizable for all r ≥ 2 where τ is the product of r disjoint p-cycles, then the wild part of the inertia conjecture holds for any finite product of Alternating groups.
The strategy of the proof is as follows. In [2, Section 21] Abhyankar introduced covers using some explicit equations and determined the Galois groups to be A d , but the structure of the inertia group of such covers for d ≥ 2p has not been studied. For Alternating groups A d , we compute these inertia groups and use Abhyankar's Lemma to prove that (A d , I) is realizable if I is generated by a p-cycle. For Theorem 5.2 we use Harbater's formal patching techniques to construct covers with the inertia group of the form (Z/p) 2 with a desirable ramification filtration so that one could apply [13, Theorem 3.7] and reduce the inertia group.
In Section § 2 we introduce basic definitions and results regarding inertia groups and the Galois covers of smooth projective curves. Section § 3 contains some useful formal patching results needed to prove the main results. In Section § 4 we consider Alternating group covers. In Section § 5 we treat the product of Alternating groups. Finally in Section § 6, for d, a multiple of p, we provide an explicit affine equation and show that its Galois closure is an A d -Galois cover of P 1é tale away from ∞. The inertia group and related invariants are also calculated for this cover. We also show that this A d -cover has the minimum possible upper jump (in the sense of [5] ).
Acknowledgements. To appear after the review process.
Preliminaries
Let k be an algebraically closed field of characteristic p > 0. A cover of k-curves means a finite generically separable morphism φ : Y → X of smooth connected k-curves which isétale outside a finite set of closed points in X. The automorphism group Aut(Y/X) of a cover φ : Y → X is the group of k-automorphisms σ of Y such that φ • σ = φ. For a finite group G, a G-Galois cover is a cover Y → X of curves together with an inclusion ρ : G ֒→ Aut(Y/X) such that G acts simply transitively on each generic geometric fibre. Since X is irreducible, the inclusion ρ is necessarily an isomorphism. 
is the affine general linear group AGL(1, p) of order p(p−1) and has an element of order p−1. Diagonally embedding S p in Sym(Supp(τ)) we obtain an element θ of order p − 1 in Sym(Supp(τ)). Then θ normalizes τ and the conjugation by θ has order p − 1. Since τ is of order p, the full automorphism group of τ is generated by θ. So the natural homomorphism N Sym(Supp(τ)) ( τ ) → Aut( τ ) is a surjection whose kernel is the centralizer of τ in Sym(Supp(τ)). Now observe that the centralizer of τ in Sym( 
If l(g 1 ) = u then set r = 1 and note that conditions (1) and (3) trivially are satisfied. Condition (2) holds because G j 's are simple groups. Inductively define g i as follows. For i ≥ 1, if S ≤i is not the whole set then choose
Since G j 's are all simple non-abelian groups, the conjugates of
Finally for condition (4) note that if p k+1 is the least order of g ( j) i for various j among nontrivial g ( j) i then replacing g i by g p k i will achieve the goal. Remark 2.4. In the above lemma if 1 ≤ u ≤ p then r = 1, i.e. there exist g ∈ Q such that S (g) = {1, · · · , u}. Also note that we can take each l(g i ) ≥ p.
The following lemma follows from the fact that the abelianization of a quasi p-group is a p-group. Lemma 4.2] ) that the branch loci of φ and ψ are the same, which we denote by B. For details on the ramification theory for local extensions see [19, Chapter IV] , from which we recall a few facts.
Let x ∈ B, y ∈ φ −1 (x), and let I be the inertia group at y. Since k is algebraically closed and y is a closed point of Y, the inertia group is the same as the decomposition group at y. Note that I is of the form P ⋊ µ m where P is a p-group and (m, p) = 1 ([19, Chapter IV, Corollary 4]). Also recall that the lower ramification groups {I i } i≥0 constitute a finite decreasing filtration of I at y which is in an explicit bijection with the upper indexed ramification filtration of I. If |I| = pm, p ∤ m, there is a unique lower jump h ≥ 1 which is called the conductor. The corresponding upper jump is denoted by σ ≔ h/m.
We fix the following setup for the rest of the section. Let p > 2 be a prime, d ≥ p + 2 an integer and ψ : Y → P 1 a degree-d smooth connected coverétale away from ∞. Let φ : Y → P 1 be its Galois closure with Galois group G. Note that G is a transitive quasi p-subgroup of S d . Assume that the inertia group at a point in Y lying over ∞ is I = P ⋊ µ m , where P Z/pZ. Let τ be a (fixed) generator of P, and β ∈ µ m is of order m. For the rest of this section we also assume that τ is the p-cycle (1, · · · , p). Let h be the conductor. Since τ and θ are elements in S p , the action of I on {p + 1, · · · , d} is the same as that of β and hence is the same as the action of ω. Suppose that the action of β on {p + 1, · · · , d} breaks into t disjoint cycles of lengths n 1 , · · · , n t (equivalently, the disjoint cycle decomposition of ω ∈ Sym{p + 1, · · · , d} consists of t disjoint cycles of length n 1 , · · · , n t ). The following result was proved in [8] with the assumption that the order of the group G is strictly divisible by p. We note that the same proof works without this assumption on |G| in view of Proposition 2.1. Since the action of β on {p + 1, · · · , d} is the same as that of ω ∈ H, ω is a product of t disjoint cycles of lengths 
By Lemma 2.6, m ′′ is the smallest positive integer such that m ′′ · σ is again an integer. So we have
.
Since order of θ i is m ′′ by Lemma 2.6, and m
Let us summarize the above observations in the following Theorem. 
Formal patching
We fix the following notation.
Given a Galois cover f : Y → X with inertia group I at a point y ∈ Y and f (y) = x, we deform the local I-Galois cover at x to obtain a new cover with desired local properties. We use a formal patching argument (cf. [6, Theorem 2] or [7, Theorem 3.6] ) to first get a cover over X R and then use a Lefschetz type principle to obtain Galois covers of smooth projective k-curves. 
an irreducible I-Galois cover of integral R-schemes totally ramified over b x,R such that the normalization of the pullback of Z
Spec(L) as the I-Galois covers of Spec(K X,x ). Then there is a normal G-Galois cover V → X R of irreducible R-curves such that the following hold.
(1) V → X R isétale away from x R with inertia group I above x R ; 
is connected and the normalization of the pullback of V
W 2 as covers of X ′ R and U X,x,R respectively. Since W 2 has branch locus x R and W 1 isétale, V → X R has branch locus {x R }. Also since Z → U X,x,R is totally ramified above b x,R , we have
So the inertia group above x R is I. Finally, since the the stabilizers of the identity components of W 1 → X ′ R and of W 2 → U X,x,R are H and I respectively, the stabilizer of the identity component of V → X R is H, I = G. So V is irreducible. 
Since f (i) and g (i) are finite morphisms and are G-Galois covers, 
Remark 3.4. Note that the above two Lemmas 3.2, 3.3 can be easily generalized to the case with branch locus containing more than one point.
The following application of patching result by Raynaud ([17, Theorem 2.2.3]) will also be used later. 
Lemma 4.1. Let h(Z) ∈ k((x))[Z] be an irreducible polynomial of degree m where
(m, p) = 1. Then Gal(h, k((x))) = Z/mZ.
Proof. Let L = k((x))[Z]/(h(Z)) and L s the splitting field of h over k((x)).
) is a Galois extension with cyclic Galois group. Hence L/k((x)) is also a cyclic Galois extension. So L is the splitting field of h and Gal(L/k((x))) = µ m . Definition 4.2. Let G be a quasi p-group, and I be a subgroup of G. Recall that the pair (G, I) is realizable if there exists a G-Galois cover Y → P 1 branched only at ∞, with inertia group I at a point above ∞. An I-Galois extension L/k((x −1 )) is said to be realized by the pair (G, I) if there is a G-Galois cover of P 1 branched only at ∞ with inertia group I above ∞ so that the corresponding local I-Galois extension is isomorphic to L/k((x −1 )). 
. So h(y) is Eisenstein, and hence it is an irreducible polynomial in k((x 0 ))[y]. Since h is irreducible of prime-to-p degree s, by Lemma 4.1, Gal(h, k((x
Moreover, p divides the order of the inertia group I and g has degree p and so Gal(g, k((x 0 ))) is a transitive subgroup of S p . Hence Gal(g, k((x 0 ))) ≤ A p . So the Sylow p-subgroup P of Gal(g, k((x 0 ))) is generated by a p-cycle τ. Proof. We may assume that a ≥ 2. Consider the A d+1 -Galois cover φ : Y → P 1 branched only at ∞, which is the Galois closure of the degree-d cover ψ : Y → P 1 given by the affine Equation Proof. This is an immediate consequence of Raynaud's result (Theorem 3.5) by taking G i = Alt(Supp(τ) ∪ {i}) and Q = Q i = τ for i ∈ {1, · · · , d} \ Supp(τ).
Wild Part of the Inertia Conjecture for product of Alternating groups
The first two results of this section use formal patching results from section § 3 to construct G 1 × G 2 covers of P 1 from the given G 1 and G 2 covers such that the inertia group over ∞ is smaller than the one obtained from the fiber product of the two covers. This will be used to construct a product of Alternating group covers with a certain cyclic p-group as the inertia group. In view of Lemma 2.3 and [6, Theorem 2], this is exactly what we need.
Lemma 5.1. Let G 1 , G 2 be two quasi p-groups, P 1 and P 2 be p-subgroups of G 1 and G 2 respectively. Assume that the pairs (G 1 , P 1 ) and (G 2 , P 2 ) are realizable, and let Q 1 and Q 2 be index-p subgroups of P 1 and P 2 respectively. Assume that the local P 1 /Q 1 and P 2 /Q 2 Galois extensions are given by the Artin-Schreier polynomials f 0 = Z realized by the pair (G 1 , P 1 ) , and N α /K is realized by the pair (G 2 , P 2 ) .
respectively. Then there is a dense open subset
. We have the maps φ
t be the normalization maps in A and B respectively. Let φ R : S R → U R and ψ R : T R → U R be their pullbacks under the map U R → U× k A 
) and
respectively. Taking normalization of
t in the function fields of S ′ and T ′ , we obtain P 1 and P 2 -Galois covers Φ A 1 t respectively. One also obtains Φ R and Ψ R which dominate φ R and ψ R by pull backs.
So by Lemma 3.2, there are G 1 and G 2 -Galois covers of P 1 R satisfying the hypothesis of Lemma 3.3. So there is a dense open subset V of A 1 t such that for all points (t = α) in V, the extension M α /K is realized by the pair (G 1 , P 1 ), and the extension N α /K is realized by the pair (G 2 , P 2 ).
Theorem 5.2. Let G 1 , G 2 be two perfect quasi p-groups. Let τ ∈ G 1 and σ ∈ G 2 be of order p and p r for some r respectively. Let
Proof. Let φ i : Y i → P 1 be a G i -Galois cover of P 1 branched only at ∞ with inertia group P i above ∞ and conductor h i , for i = 1, 2. As usual it can be arranged that h 2 < h 1 and the first upper jump of the P 2 -extension is at least 2 ([16, Theorem 2.2.2]. Let N 2 be the index p subgroup of P 2 . Let the local P 1 and P 2 /N 2 Galois extensions be given by the Artin-Schreier polynomials
0 is realized by the pair (G 1 , P 1 ), and the extension N α /K given by the polynomial
is dominated by a P 2 -Galois extension N α /K which is realized by the pair (G 2 , P 2 ). So there is an α 0, 1 such that the points (t = α) and (t = α − 1) both lie in V. Let X i → P 1 be the corresponding G i -Galois covers of the affine line with inertia groups P i above ∞, and η i be points in X i over ∞ such that K X 1 ,η 1 = M α and K X 2 ,η 2 = N α−1 .
Let a 1 ∈ M α be a root of f α and a 2 ∈ N α−1 be a root of g α−1 . So a 1 − a 2 is a root of the Artin-Schreier equation
r -Galois extension with the first lower jump at 1, and
Let X be the dominant connected component of the normalization of X 1 × P 1 X 2 containing the point η := (η 1 , η 2 ). Then Θ : X → P 1 is a G 1 ×G 2 -Galois cover branched only above ∞ with the local extension K X,η /K P 1 ,∞ is given by M/k((x 0 )), and the inertia subgroup Q has a lower jump at 1. Since G 1 and G 2 are perfect, G 1 × G 2 is also perfect, and so by [13, Theorem 3.7] , there is a G 1 × G 2 -Galois cover of the affine line with inertia group above ∞ given by I = Gal(M/K (a 1 − a 2 ) ) in G. Now the projection maps from G 1 × G 2 restricted to I surjects onto Gal(M α /K) = P 1 = τ and Gal( N α−1 /K) = P 2 = σ . So I is of the form (τ a , σ) for some 1 ≤ a ≤ p − 1. Proof. In view of Corollary 4.7, Proposition 4.9 and Remark 4.8, the hypothesis implies that the wild part of inertia conjecture is true for Alternating groups.
Let P be a p-subgroup of G whose conjugates generate G. There exist g 1 , · · · , g r ∈ P satisfying conditions (1)- (4) 
A New Equation for Alternating Group covers
Let p be an odd prime and let a ≥ 3 be an integer. Set d = ap. In this section we produce an A d -Galoisétale cover of the affine line with wild part of the inertia group generated by a p-cycle which occurs as the Galois closure of a degree-d cover given by an explicit affine equation. Since there are ways to increase the upper jump of the ramification filtration, an interesting problem is to find covers with minimal possible upper jump. Riemann-Hurwitz formula provides a lower bound for the upper jump. We show that the resulting cover attains this lower bound. 
Since ( j, d − p − s) = 1 by assumption, s is also a solution for p and a ′ . So for a fixed p > 2, we may assume that 4 ≤ a ≤ p + 1. Let Q 1 and Q 2 be the set of primes dividing a + 1 and a − 1 respectively. Let Q be the set of primes dividing p − 1, and for any prime q ∈ Q, let λ q be the highest positive integer such that q λ q |(p − 1). Let I 1 be the set of primes dividing (p − 1, a + 1) and I 2 be the set of primes dividing (p − 1, a − 1). Set I ≔ I 1 ∪ I 2 . Let (p − 1, a + 1) = Π q∈I 1 q m q and a − 1 = Π q∈Q 2 q s q (we use the notion that an empty product equals 1). For q ∈ I 1 \ I 2 , set α q ≔ m q and for q ∈ I 2 , set α q ≔ λ q . So we have
Let q be a prime dividing g. So q| j = sv. If q|s, then q I 2 as α q = λ q for q ∈ I 2 . Since q divides both j and s, it must divide a − 1, and so q ∈ I 2 , a contradiction. So q ∤ s and we have q|v. So q ∈ I 2 , and thus q|(a − 1). Thus q ∤ (a − 1 − s) contradicting q divides g. So we have g = 1. 
Writing the above equation as
its y-derivative is given by
Assume that f and f y have a common zero (a, b). So f y (a, b) = 0 which implies that
, showing that f and f y cannot have a common zero. Since the cover ψ is non-trivial, it is branched only above x = ∞. Observe that the Equation 6.1 can be written in the following manner. 
